Abstract. We define an algebraic derivation on an affine domain B defined over an algebraically closed field k of characteristic 0, which is called a locally finite derivation in [1], for example, and has appeared in commutative and non-commutative contexts in other references. We, without being aware of this existing definition and related results, introduced the term of algebraic derivation by extracting a property analogous to algebraic actions of algebraic groups. The first section is devoted to the graded ring structure which the algebraic derivation D defines on B in a natural fashion. The graded ring structure is indexed by an abelian monoid which is a submonoid of the additive group of the ground field k. This structure is already observed in [4] . But our approach is more computational and straightforward. If the monoid indexing the graded ring structure of B is rather restricted (see Theorem 1.9 below), the derivation D is close to what is called an Euler derivation mixed with a locally nilpotent derivation. We observe this fact when B is a polynomial ring mostly in dimension two. In fact, the results in section two give various characterization of a polynomial ring k[x, y] in terms of algebraic derivations. The third section gives a remark on singularities which can coexist with algebraic derivations. The results given in sections two and three are new.
Introduction
Let G be an algebraic group defined over an algebraically closed field k. If G acts on an affine algebraic variety X = Spec B, we say that the action is algebraic if for every element b of B the k-vector subspace g∈G(k) k · g b in the ring B generated by all translates g b with g ∈ G(k) has finite dimension, where G(k) is the set of closed points of G. Suppose that G is an affine algebraic group SpecR and the G-action is given by a k-morphism σ : G × X → X. Let σ * : B → R ⊗ B be the coaction. For b ∈ B, write
, where π g : R → k is the k-algebra homomorphism corresponding to a point g ∈ G(k). Then g∈G(k) k · g b is a k-subspace of n i=1 k · b i , whence g∈G(k) k · g b has finite dimension. Suppose that the ground field k has characteristic zero and G is the additive group scheme G a . Then a G a -action on an affine algebraic variety X = Spec B corresponds bijectively to a locally nilpotent kderivation δ on B. In this case the k-subspace g∈Ga(k) k · g b coincides with n≥0 k · δ n (b), which has finite dimension because δ n (b) = 0 for n ≫ 0. Note that if ξ is an element of the quotient field Q(B), the kvector space n≥0 k · δ n (ξ) does not necessarily have finite dimension. An example is a locally nilpotent derivation δ = ∂/∂x on a polynomial ring B = k [x] . Taking 1/x as an element ξ, it follows that g∈Ga(k) k · g ξ = n≥0 k · x −n , which is not of finite dimension. We can extend the notion of algebraicity to regular vector fields on an affine algebraic variety. Namely, let D be a k-derivation on an affine domain B. We say that D is an algebraic derivation of B if for every element b ∈ B, the k-vector subspace n≥0 k · D n (b) has finite dimension. A typical example of such an algebraic derivation which is not locally nilpotent is the Euler derivation D = n i=1 x i ∂ ∂x i on a polynomial ring B = k[x 1 , . . . , x n ] and a composite of a derivation of Euler type and a locally nilpotent derivation.
Our objective in this article is to show that an algebraic derivation on an affine k-domain is something very close to the derivation of the above type. Furthermore, we try to prove some structure theorems on the affine domain provided B has an algebraic derivation. We first show that an algebraic derivation D on an affine domain B gives a graded ring structure on B (see Theorem 1.5) . Then by making use of the graded ring structure and various properties of the algebraic derivations, we characterize polynomial rings of dimension two (see Theorems 2.4, 2.5 and 2.6). In section three, it is shown that the Euler derivation D = x G for every finite subgroup of GL(2, k). For an integral domain B, the quotient field of B is denoted by Q(B) and the multiplicative group consisting of invertible elements of B by B * . For a k-derivation D on a k-domain B, we denote by D the extension of D to Q(B). We denote by Ker D and Ker D the kernels of D and D respectively, which are the subring of B and the subfield of Q(B).
Algebraic derivations
Let k be an algebraically closed field of characteristic 0 and let B be an affine domain over k. Examples of algebraic derivations on B are
(1) a locally nilpotent derivation, (2) a derivation of Euler type on a polynomial ring B = k[x 1 , . . . , x n ].
Our first purpose is to give a structure theorem of an affine domain B with a non-trivial algebraic derivation D. Given a derivation D, we consider a k-algebra homomorphism
Note that the homomorphism ϕ D can be defined for any linear map
, where 1 B signifies the identity morphism of B. We often write ∆ λ = D − λ.
we compute as follows:
Then it is clear that b ∈ B λ if and only if ϕ ∆ λ (b) ∈ B[t]. In particular,
By making an essential use of Lemma 1.1, we prove the following lemmas. Lemma 1.2. We have the following assertions.
(1) B 0 is a k-subalgebra of B and D is locally nilpotent on B 0 .
(2) For any λ ∈ k, B λ is a B 0 -module.
Proof.
(1) The assertion follows from the fact that ϕ D is a k-algebra homomorphism.
(2) Let a ∈ B 0 and b ∈ B λ . Then
On the other hand, we have ϕ
, which implies that ∆ n λ (ab) = 0 for some n > 0.
Proof. Let b ∈ B λ and c ∈ B µ . Then
and
for a sufficiently large n, and hence bc ∈ B λ+µ .
Proof. Suppose that k is a subfield of the complex number field C .
Hence we have
. Hence the function in t on the right hand side is a rational function on C. Meanwhile, the function on the left hand side is an entire function which does not have zeros and poles. Hence it follows that ϕ ∆µ (b) and ϕ ∆ λ (b) are constants, namely,
We may assume that k is a subfield of C. Since B is finitely generated over k, B is isomorphic to the residue ring k[x 1 , . . . , x n ]/(f 1 , . . . , f m ). Let α 1 , . . . , α r be the coefficients appearing in polynomials f 1 , . . . , f m ∈ k[x 1 , . . . , x n ], and let k 0 be the field Q(α 1 , . . . , α r ). Let
Then B = C ⊗ k 0 k. Adjoining to k 0 the elements λ, µ and the coefficients of D(x i ) for 1 ≤ i ≤ n when they are expressed in the forms of polynomials in x 1 , . . . , x n , where x i is the residue class of x i in B, we may assume that ϕ ∆ λ (b) and ϕ ∆µ (b) are polynomials in t with coefficients in k 0 . Since k 0 is finitely generated over Q, we may embed k 0 into C and replace k by the algebraic closure of the embedded k 0 in C. Thus we may assume that k ⊆ C.
For an element b ∈ B µ , we define the µ-height of b as the non-negative integer r such that (D − µ) r (b) = 0 and (D − µ) r+1 (b) = 0. Note that µ-height is defined only for elements of B µ . The first structure theorem on an affine domain with an algebraic derivation is stated as follows. Proof. Let b ∈ B. Then the vector space V = n≥0 kD n (b) has finite dimension. We may choose an integer n > 0 so that
The previous lemmas show that B = λ B λ is a graded ring over B 0 . As for the second assertion, let b ∈ B λ . Let r be the λ-height
We look into the properties of the subring B 0 . Lemma 1.6. Let D be an algebraic derivation on a normal affine domain B. Then B 0 is integrally closed.
Proof. Suppose that ξ ∈ Q(B 0 ) is integral over B 0 . Then it follows that ξ ∈ B since B is normal. The element ξ ∈ B satisfies
where each α i is an element of B 0 . Hence it follows that
We observe the following two examples. One deals with the Euler derivation and the other does a composite of the Euler derivation and a locally nilpotent derivation.
which has transcendence degree n−1 over k. . For non-negative integers m and n, we have
Hence for any non-negative integer r, we have
The ring B is graded by the monoid Z ≥0 of non-negative integers.
Let D be an algebraic derivation on a normal affine domain B over k. Let Λ = {λ ∈ k | B λ = 0}, which is a monoid under the addition of (k, +), and let M be the abelian subgroup of (k, +) generated by Λ. We call Λ (resp. M) the monoid (resp. abelian group) associated to D. Theorem 1.9. Under the notation and assumption as above, suppose that M is a totally ordered abelian group with ordering < in the sense that λ ≥ 0 for every λ ∈ Λ and if λ < µ then λ + ν < µ + ν for any ν ∈ M.
1 Then the following assertions hold.
(
Hence if B is factorial, then so is B 0 . (4) Suppose that B is a polynomial ring of dim ≤ 3. Then B 0 is either a polynomial ring or k.
is algebraic over Q(B 0 ). Then there exists a 0 ∈ B 0 such that a 0 ξ is integral over B 0 . Since B 0 ⊂ B and B is integrally closed by assumption, a 0 ξ ∈ B. The element a 0 ξ satisfies
where c i ∈ B 0 for 1 ≤ i ≤ n. Write
If λ m > 0, then the term b n λm , which has the highest order, cannot be cancelled by the other terms in the equation (2) . Hence λ m ≤ 0. Similarly, λ 1 ≥ 0. So, a 0 ξ ∈ B 0 and ξ ∈ Q(B 0 ). Suppose that B 0 B. Then there exists an element b ∈ B λ with λ = 0. Then b is algebraically independent over Q(B 0 ). For otherwise, b is algebraic over Q(B 0 ) and (4) We may assume that B 0 B and
Since dim B ≤ 3, it follows by the assertion (1) 1 The condition that if λ < µ then λ + ν < µ + ν for any ν ∈ M follows from that M is a finitely generated subgroup of the additive group k.
and a result of Zariski [9] that B 0 is an affine domain. Let X = Spec B and Y = Spec B 0 . Then the inclusion B 0 ֒→ B induces a dominant morphism p : X → Y . Since B is factorial and B * = k * , B 0 is factorial by the assertion (3) and
In fact, Y has a unique singular point, say P and the smooth locus Y
• has the universal covering A 2 \ {O}, where O is the point of origin. Since p −1 (P ) is either empty or of dimension one,
splits into a disjoint union of copies of A 3 \p −1 (P ). Then the restriction of the second projection p 2 : Z → A 2 \ {O} to a connected component of Z provides the above splitting of p. This contradicts the fact that Q(B 0 ) is algebraically closed in Q(B). 
We have by computation We can raise the following natural question.
Question. Let B be an affine domain over k with an algebraic derivation D. Is B 0 finitely generated over k?
When D is locally nilpotent, it is clear that B 0 = B is finitely generated. So, we are interested in the case that D is not a locally nilpotent derivation. If the monoid Λ is Z ≥0 , then B 0 is an affine domain and every B µ is a finitely generated B 0 -module.
An element λ of the monoid Λ is said to be primitive if λ = µ + ν with µ, ν ∈ Λ then either µ = 0 or ν = 0. , it follows that b 1 ∈ Ker D = k (see [2] ). This is a contradiction.
Algebraic derivations on k[x, y]
Let B be an affine domain with an algebraic derivation D. Then D extends uniquely to a derivationD on K = Q(B). In the present section, we intend to characterize a two-dimensional polynomial ring k[x, y] and algebraic derivations on k[x, y] in terms of the subring B 0 and the associated monoid Λ, though our results are partial. We begin with the following result.
Lemma 2.1. Let R be an affine domain of dimension one defined over a field K 0 of characteristic zero which is not necessarily algebraically closed. Assume that K 0 is algebraically closed in Q(R) and that R is a graded ring R = n≥0 R n with R 0 = K 0 . Then the following assertions hold.
(1) R is a polynomial ring K 0 [ξ] such that R n = K 0 ξ n for every n ≥ 0.
(2) Suppose that the graded ring structure on R is given by an algebraic K 0 -derivation D and the associated monoid Λ is Z ≥0 λ for some λ ∈ Λ. Then for every µ ∈ Λ, we have
(1) Let ξ be a nonzero element of R 1 and let
Then ξ is algebraically independent over K 0 and hence A is a graded subalgebra of dimension one in R. Since dim R = 1, the field extension Q(R) ⊃ Q(A) is algebraic. Let η ∈ R n . Then there exist elements f 0 (ξ), f 1 (ξ), . . . , f r (ξ) ∈ A with gcd(f 0 (ξ), . . . , f r (ξ)) = 1 such that
yields a minimal equation of η over Q(A). Write f 0 (ξ) = ξ m + (terms of lower degree in ξ).
Consider the homogeneous part of degree (m + rn) in the equation (3) and obtain
Hence we have 
The equation (5) Since η ξ n is an element of Q(R) and K 0 is algebraically closed in Q(R), it follows that η ξ n is an element of K 0 . This implies that η ∈ K 0 ξ n , and hence R = A.
(2) Note that λ is a minimal element of Λ other than 0. Let ξ be a nonzero element of R λ such that D(ξ) = λξ. Then R is a polynomial ring K 0 [ξ] by the assertion (1). Let µ ∈ Λ and write µ = nλ. Then every element η of R µ is of the form cξ n with c ∈ K 0 . Hence we compute
Thence follows the assertion (2).
The following result determines an algebraic derivation on 
By replacing x with cx + d, we may assume that D(x) = cx with c ∈ k * . Then B = n≥0 B n with B n = kx n is the homogenoeous decomposition of B with respect to D.
In the case dim B = 2, if we assume that the monoid Λ associated to an algebraic derivation D is isomorphic to Z ≥0 , we have the following result. (1) B is a factorial domain with B * = k * . (2) B has a nontrivial algebraic k-derivation D such that the abelian group M generated by the associated monoid Λ is a totally ordered abelian group, dim B 0 ≥ 1 and Λ is isomorphic to Z ≥0 provided dim B 0 = 1.
Proof. Since the "only if" part is easy, we prove only the "if" part. 
. By the assumption, B = n≥0 B nλ . Let K 0 = Q(B 0 ) and R = B ⊗ B 0 K 0 . Then R is an affine domain of dimension one over K 0 which has the graded ring structure R = n≥0 R n with R 0 = K 0 , where
Hence the affine surface Spec B has an A 1 -fibration [3] , and B is a polynomial ring in two variables by the algebraic characterization of k[x, y] [7] .
Under some additional conditions, we can further determine an algebraic derivation. . Then we can compute for every ℓ ≥ 1 . We may also assume that D(x) = 1. For every µ ∈ Λ, there exists ξ µ ∈ B µ such that D(ξ µ ) = µξ µ . In fact, take a nonzero element z ∈ B µ and let r be the µ-height of z. Let 
Hence it follows that (D − µ)(η − F (x)ξ µ ) = 0, and η − F (x)ξ µ = cξ µ for c ∈ k. Thus the claim is verified. We can also verify by induction that deg f (x) is the µ-height of η when we write η = f (x)ξ µ . Since Λ = Z ≥0 λ by the hypothesis, it follows that B µ = B 0 ξ (1) B is factorial and
Proof We consider a characterization of an algebraic derivation of Euler type on a polynomial ring k[x 1 , . . . , x r ]. Let D be an algebraic derivation on an affine domain B. Let λ 1 , . . . , λ r be elements of k. We say that λ 1 , . . . , λ r are numerically independent if n 1 λ 1 + · · · + n r λ r = 0 with the n i ∈ Z implies n 1 = · · · = n r = 0. The monoid Λ of D is said to be a free monoid of rank r if there exists numerically independent elements λ 1 , . . . , λ r of k such that Λ = r i=1 Z ≥0 λ i . Then the abelian group M generated by Λ is a free abelian group r i=1 Zλ i of rank r. Define a lexicographic order in M by setting
if there exists 1 ≤ ℓ ≤ r such that m i = n i for 1 ≤ i < ℓ and m ℓ < n ℓ . Then M is a totally ordered abelian group with the lexicographic order. (1) B is factorial and
The monoid Λ is a free monoid of rank r.
Proof. The "only if " part is clear with an algebraic derivation
, where λ 1 , . . . , λ r are numerically independent. The monoid Λ is then generated by λ 1 , . . . , λ r over Z ≥0 and B λ = kx
We shall prove the "if " part. By the condition (3), the monoid is written as Λ = r i=1 λ i Z ≥0 with numerically independent elements λ 1 , . . . , λ r of k. For 1 ≤ i ≤ r, choose elements ξ i ∈ B λ i such that (D − λ i )(ξ i ) = 0. Since λ i is primitive in Λ and the condition (2) is assumed, ξ 1 , . . . , ξ r are irreducible elements in B by Lemma 1.11. We claim that ξ 1 , . . . , ξ r are algebraically independent over k. In fact, let 
We may assume that this gives a minimal equation of η over Q(A) and gcd(a 0 , . . . , a s ) = 1. We can write a 0 (ξ) = ξ 
where c 1 , . . . , c s ∈ k and ξ m+iα = ξ 
Since k is algebraically closed and the equation (8) is a minimal equation, we have η = cξ If λ 1 , . . . , λ r are not numerically independent, we are ignorant of any characterization theorem corresponding to Theorem 2.6.
Algebraic derivations and singularities
Let B be a normal affine domain of dimension two. If D is a nontrivial locally nilpotent k-derivation on B, then Spec B has at most cyclic quotient singular points [6] . In the case of algebraic derivations, worse singularities can coexist as shown in the following result. Proof. Note that B is a graded ring with grading deg x i = 1 for 1 ≤ i ≤ r. Since G acts linearly on kx 1 + · · · + kx r , A is a graded subalgebra. Namely, A = n≥0 A n , where A n = A ∩ B n with B n the set of homogeneous polynomials of degree n. It is then straightforward to see that D(f ) = nf for every f ∈ A n . Hence D induces a kderivation D A on A. Since D is algebraic, so is D A .
When r = 2, the Euler derivation in Theorem 3.1 induces an algebraic derivation on k[x, y] G , where G is a finite subgroup of GL(2, k). However, we do not know the type of singularity which can coexist with algebraic derivations treated in Theorems 2.4 and 2.5.
